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OLIMPIADA NATIONALA DE MATEMATICA
ETAPA LOCALA - 10.02.2024
CLASAaXll-a
BAREM DE CORECTARE

e Pentru orice solutie corecta, chiar daca este diferita de cea din barem, se acorda
punctajul corespunzator.

e Nu se acorda fractiuni de punct, dar se pot acorda punctaje intermediare pentru
rezolvari partiale, in limitele punctajului indicat in barem .

Problema 1
a) Calculati: [ W dx,x > 0.
b) Sasecalculeze = [ 2 gy e N*
2n+1+2 sin(nx)
Solutie:
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Problema 2

Sa se arate ca:

T 1
fi sin?924x + cos?x A< 1 JH sinxd
x < lim n ——dx.
o Sin2024x 4+ cos2024x + 1 noo ) 1 x2
n+1
Solutie:
9 _ T sin292%x+cos2x _— T c0s2924x+sin2x
Notim I = 2 —F——r—dxsi | = [ —F——Cr—dx 1p)
Atuncil+]=gsix=g—tconduce la I=], decilzg. ..................................... 2p)
Daci x € [L,l], avem: n?sinx < % S (M A 1)2SINKe e, 1p)
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n*(cos—— cos n+1) < fn%l S dx < (n+1) (cos—— cos n+1):
1
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2n°sin D S e = fﬁ ) dx < 2(n + 1)“nsin e S 2n(n+1)..............1p)
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Analog
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Problema 3

Fie k € (1, +%) 5i G = (=00, "] U [, +o0).

Se considera operatia x * y = kxy — k?(x + y) + k3 + k, oricare x,y € G.

a) Sa se demonstreze c¢i t € G daca si numai daca |t — k| > %, (V) ke (1, +x).

b) Aratati ca " * " este lege de compozitie pe G.
c) Studiati existenta elementului neutru si a elementelor simetrizabile.

Solutie:

3 teEGotE (—oo,kzk‘l] U [k2;1,+oo) ot—ke (—oo,_?l] U E,+oo)

@|t—k|z§, (V) K E (L, F90) e Ip
b) Fiexy€G=lx—kl 2-sily—kl=1=[&—KG—KI =5 . 1p)
1 1
:>|xy—kx—ky+k2|Zﬁzlkxy—kz(x+y)+k3lziz>
:>|kxy—k2(x+y)+k3+k—k|2%z>|x*y—k|2%:>x*yEG .................... 1p)
c) Fiee€ Gastfelincitexx =x*xe =%, (V)x€GQG.
x*re=% (V)x€G=>kxe—Kk’(x+e)+k3+k=x(V)xeEG=>
S (X =K)(Ke =K% = 1) = 0, (V)X € Gurreroeeeee e, 1p)
1
:ke—k2—1=0:e=k+EeG.
Cum legea " * " este comutativi = e = k + i este elementneutru..................ooiie lp)
X € G simetrizabil ©(3) x’ € Gastfel incatx' *x =x*x' =e.
1
x*x’=e@kxx’—kz(x+x’)+k3+k=k+E:> k?xx' —k3(x+x)+k*—1=0
20w LY — L3 _ L4 x#K - 3x-ki+1 P Kx—kt+1
=>x'k*(x—k)=k’x—k*+1=x'= oo = X k= T k
’ _ 1
= X —k——kz(x_k),XEG,xik,k>1 .............................................................. 1p)
, , 1 1 1 1
Dar x €G=>|X—k|ZE k2(x—k)|2E:>|X_k|SE
Cum [x — k]| zisi |x — K| s%:lx—kl=%=>x=ki%eGsuntsingureleelemente

SIMEIIIZADILE. . oot



MINISTERUL EDUCATIEI

Problema 4

Fie (G, -) un grup si a, b, ¢ € G, care au proprietatea ci akbX = ¢k, pentru orice k €
{3,4,5}. Demonstrati ca ab = ¢ = ba.

Supliment Gazeta Matematica nr. 10/2022

Solutie:

a3bh3 = 3, a%b® = % a0 = OO 1p)
c*=c3c=a%b3c=> a*b* =ab3c=>ab* =b3c........ 1p)
c®>=c*c= a*b*c= a’b® = a*btc=ab® = btc....... 1p)

b*c=ab® =ab*b=b3cb = b*c=b3chb =2 bc=Cb..oooeririii 1p)

ab* = b3c = b%bc = b2cb = bbcb = bcbb = cbbb =cb®> = ab=c...................... 1p)

ab=c=bab=bc=bab=cb=ba=c.............. Ip)

DECT @D = € = DA ittt 1p)



